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Abstract: 
     The natural convection heat transfer from horizontal isothermal three cylindrical rods 

inside equilateral triangular enclosure has been studied numerically. The enclosure is filled 

with air, and the heated rods are located at equal distances (E) from triangle center. A finite 

element software package (FLEXPDE) is used in the present study to solve the set of non-

linear equations governing the process. Solutions are obtained for aspect ratio D/H=1/6 and 

range of distance E=0.2-0.6 and Rayleigh (Ra) number changes from 10
3
 to 10

6
. The effect of

Ra and E were examined. Results are presented by streamlines, isotherms and Nusselt number 

and it indicates that the Nusselt number is significantly increase with increasing both Ra and 

E. A comparison of the Nusselt number was made with that obtained by [7], and showed

substantial improvement to about 65% in some cases.
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1. Introduction

Over the past decades, internal (in

enclosure) and external natural convection 

heat transfer has important engineering 

applications. Several studies have been 

achieved in the problem of laminar flow 

forced convection in ducts (enclosures) of 

various cross-sections because of its 

applicability in various fields such as 

compact heat exchangers, air conditioners, 

nuclear reactors, solar collectors, solar 

stills, electronic cooling etc. Among these 

various cross-section ducts is the triangular 

cross-sectional duct which is preferred in 

most situations due to its simplicity in 

manufacturing and placing. The first study 

published in this field is by Flack et al [1,2] 

where they focused in measurement of 

natural convection heat transfer in isosceles 

triangular enclosure with two isothermal 

sides and an insulating bottom. Their 

important conclusion is that the local 

Nusselt numbers are slightly depend on the 

angle (and hence on the triangle height) 

between the isosceles sides. Besides to the 

triangular geometry, further irregular 

geometries cross-sections like rhombic, 

sinusoidal and other irregular cross-sections 

were studied numerically by Ibrahim and 

Mazhar [3]. Asan and Namli [4] presented 

the results of a numerical investigation of 

laminar natural convection in triangular 

cross-section. The effect of Rayleigh 

number and height/base ratio on the flow 

structure and heat transfer has been studied. 

A similar study with approximately the 

same conclusion is done by Kent [5]. In 

fact, thermal performance of a duct is 

reduced when the circular cross-sectional 

geometry is not used. However it is able to 

enhance thermal performance by inserting 

some bodies inside say triangular enclosure 

i.e. introducing an annular flow. Hence, and

due to the recent development in both 

numerical and manufacturing techniques, 

the attention of researchers is directed into 

flow through new geometries of concentric 

non-circular ducts. Roa et al [6] studied the 

problem of laminar flow heat transfer in 

channels of annular cross-sections formed 

by concentric equilateral triangles. They 

proved that in certain case the thermal 

performance of their geometry is better than 

the concentric circular annular channel for 

constant wall temperature boundary 

condition. More recently, numerical 

extensive data of a laminar convective heat 

transfer around horizontal cylinder within 

its concentric air-filled equilateral 

triangular enclosure have been performed 

by Xu Xu et al [7].  Those authors analyzed 

the effect of Rayleigh numbers, aspect 

ratio, the shape of inner cylinder and the 

inclination angle of enclosure on the heat 

transfer process.   
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A survey of literature reveals that multi-

inner cylinder inside air-filled triangular 

enclosure has not been investigated. This is 

the motivation of the present study where 

three circular cylinders inside an equilateral 

triangular enclosure is to be used. The 

effect of Rayleigh number and cylinders 

position on the flow and thermal fields for 

constant aspect ratio are studied in details. 

The flow is considered as laminar rather 

than turbulent because the laminar flow was 

proven to be more efficient especially in 

heat exchanger application [6]. Only one 

cross section, circular, of the inner 

cylinders was studied and the enclosure 

rests on its bottom base without any 

inclinations angle as these two factors have 

insignificant effect on the performance of 

the enclosure [7].  

2. Governing equations

Consider laminar natural convection of

(Newtonian fluid) in an equilateral 

triangular enclosure containing three 

circular rods of equal radii located at equal 

distances E from the triangle center. The 

temperature of rods walls (Ti) is higher than 

that of the triangle wall (To) and both are 

uniform.  The lengths of both enclosure and 

rods are assumed to be extremely large, 

therefore considering only the variations 

over the cross-section will not affect the 

simulation of the practical process. The 

interest domain is shown in Fig.1. The 

origin of the cartesian coordinates (x,y) is 

positioned at the triangle center. The aspect 

ratio (rod diameter/triangle height) is fixed 

in this study to be D/H=1/6.   The fluid is 

assumed to have constant physical 

properties but obeys the Bussinesq 

approximation according to which the 

compressibility effect every where is 

neglected except for Buoyancy force term. 

Viscous dissipation and heat generation are 

absent.   Hence, the two-dimensional, 

incompressible, steady state dimensionless 

governing equations using conservation of 

mass, momentum and energy can be written 

as: 
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Non-dimensional parameters are defined as 

follows: 
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3. Numerical solution

It is well known in the numerical solution

field that the set of equations (1-4) may be 

highly oscillatory or even sometimes 

undetermined because of the inclusion of 

the pressure term in the momentum 

equations. In the present study, a finite 

element software package (Flexpde) [8] is 

used in the solution of the nonlinear system 

of equations. In finite element method there 

is  a  derived   approach   with   purpose   of  

 

stabilizing pressure oscillations and 

allowing standard grids and elements. This 

approach enforces the continuity equation 

and the pressure to give the following, what 

called, penalty approach, [9] 
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where λ is a parameter that should be 

chosen either from physical knowledge or 

by other means [9]. A most convenient 

value for λ was attained in this study to be 

1x10
11

μ/H
2
.

Hence, the continuity equation (1) is 

excluded from solution system and replaced 

by equation (5). The continuity equation is 

used to check the error of the solution 

throughout the grids of domain.  

So 
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Fig.1 Schematic diagram of the physical domain. 
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 The appropriate boundary conditions are as 

follows: 

1- Isothermal surfaces i.e. θ=1 on the rods

walls and θ=0 on the triangle walls.    

2-No-slip velocity boundary condition,

U=V=0 on all solid walls. 

3- Pressure gradient normal to all surfaces

is zero, 0




n

P
where n is a normal unit 

vector.  

3.1 Software validation 

To check the accuracy of the present 

numerical method and enhance the 

reliability of the obtained results, five grid 

densities were examined. Prandtle number 

has been slightly effected and is assumed to 

be constant throughout the present study, on 

the other hand the grid dependency were 

checked with Rayleigh number.  Figure 2 

shows the distribution of the average 

Nusselt  number  of  the  triangle  walls as a 

function of relative error,  

where in this package, the grid sizes can be 

controlled by imposing a relative error and 

the times of adaptively mesh refinement, 

which is fixed here at three times adaptive 

refinement. It can be seen that 

approximately when Ra<10
6
, the results are

independent on grid sizes, but when 

Ra=10
6
, the values of average Nusselt

number are the same when the relative error 

is set lesser than 10
-4

. Therefore an

accuracy of 10
-5

 was chosen in this study as

a compromise between the results accuracy 

and the time consumed in each run. The 

maximum time in some cases takes about 

2700 seconds. The girded domain is shown 

in Fig. 3a. The distribution of the values of 

(∂U/∂X + ∂V/∂Y) over the domain is 

presented in Fig.3b. It is clear that the 

continuity equation is exactly validated, 

where it as mentioned in section 3, does not 

contribute in solving the governing 

equations. 
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3.2 Validation of numerical results 

    Most researchers work focused on the 

study of natural convection in annuli 

between either concentric or eccentric 

circular cylinders and between a square 

outer cylinder and a circular inner cylinder. 

Only a few publications were involved in 

an annulus between a triangular outer 

enclosure and a circular inner cylinder. In 

the work of Xu Xu et al [7], the circular 

inner heated cylinder was concentrically 

located inside a triangular cylinder, the 

governing equations were iteratively solved 

with the convergence criteria of 10
-4

 for

each variable. As shown in Fig.4, the 

computed local Nusselt number distribution 

(after adapting the present physical model  

 

to be of one concentrated circular inner 

heated cylinder) along the outer wall 

predicted in the present study was 

compared with the values reported by [7]. 

In general, very good agreement between 

the two results was obtained.   Finally    the 

comparison of the overall heat transfer rate 

was also undertaken. The values of average 

Nusselt number along the outer wall of Ref. 

[7] for Ra=10
3
 is 15.49 and the computed

value here is 15.544 with a deviation less 

than 0.413 %. The agreement between the 

two results is satisfactory. Knowing that 

this computation was achieved after 

adapting the present code to be of one 

concentric rod of aspect ratio of 1/2. 

(a) (b) 

Fig. 3. For 10-5 accuracy and E=0.3, (a) grid distribution over the domain (b) validation of continuity equation 
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4. Results and discussions

In the present study, the effect of the

Rayleigh number (10
3
, 10

5
 and 10

6
) and the

location of the inner rods (E=0.2-0.6) were 

systematically investigated. The Prandtle 

number is set to be 0.71. The equations (2-

5) are solved using a finite element

software package (FLEXPDE). Nusselt 

numbers are defined in the same way as 

shown in the work of Mukallad and 

Acharya [10]. 

4.1 Analysis of flow fields 

   Analysis of the flow is displayed by mean 

of stream function ψ obtained from velocity 

components U and V. The relationships 

between stream function ψ and velocity 

components for two dimensional flows 

are:
X

V
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U
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equation: 
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where ψ is zero on all surfaces The 

streamlines are shown in Fig.5, in which the 

subfigures were arranged going down with 

increasing Rayleigh number and going from 

left to right with decreasing the distance 

between rod centers and triangle center (E). 

Due to the buoyant effects caused by the 

temperature difference between the inner 

and outer walls, recirculation vortices are 

formed which are clearly demonstrated by 

the closed stream lines. It is shown in Fig.5, 

that at low Rayleigh number (Ra=10
3
) the

flow fields are nearly symmetric for each E. 

This is attributed to the weak convection 

current compared with conduction inside 

the enclosure and this is clearly appearing 

from the values of the stream lines shown 

in Fig.5.  For E=0.6 the flow field show that 

the four centers of four symmetric eddies 

among inner heated cylinder is closer. This 

is because the large space available for 

circulation to occur when E increases. As E 

is reduced, the streamlines become denser 

around the inner heated walls and are 

separated into two vortices. It is also 

noticed that at lower E=0.2 the flow pattern 

recovers nearly symmetric feature since the 

gap between the inner heated cylinder is 

extremely narrowed. For higher Rayleigh 

numbers Ra=10
6
 and E=0.6, the streamlines

become denser in the region among the 

rods, as shown in Fig.5c, and two large 

eddies are found above the bottom two 

cylinders. With decreasing E this eddies 

become more distorted and are thus 

separated to form the new vortices in the 

left and right side of the geometry. Two 

additional eddies are formed on top of the 

upper cylinder, the additional eddies 

disappear and become weak. This is an 

interpretation to that the further increase of 

Rayliegh number increases the circulation 

strength inside the enclosure. Using the 

above definition of the stream function, the 

positive sign of ψ denotes anti-clockwise 

circulation and the clockwise circulation is 

represented by the negative sign of ψ. 
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Fig.5 Streamlines for (a) Ra=103, (b) Ra=105, (c) Ra=106 for different values of E 
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4.2 Analysis of thermal fields 

  The thermal fields are presented in the 

form of isotherms in Fig.6 with the same 

arrangement of Fig.5. At lower Rayleigh 

numbers, the isotherms are similar to those 

of the case of pure conduction since the 

intensity of the buoyancy-driven convection 

 

is very weak and the thermal field is thus 

nearly unaffected. Increased discrepancies 

against the pure conduction cases can be 

found as the Rayleigh number goes higher. 

The isotherms become denser and more 

concentrated to the upper region. At the 

highest Ra and E, separation of the thermal 
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boundary layer is clearly observed. At 

lower distance E, the isotherms along the 

top of the upper cylinder separate away 

from  its   upper  zone  and  form  a  thermal 

plume impinging vertically to the apex 

corner of the enclosure. The formation of 

the plumes becomes more intensive for 

Ra=10
6
 and E=0.2.

(a) 

(b) 

(c) 

E=0.6 

E=0.6 

E=0.6 

E=0.4 

E=0.4 

E=0.4 

E=0.2 

E=0.2 

E=0.2

Fig.6 Isotherms for (a) Ra=10
3
, (b) Ra=10

5
, (c) Ra=10

6
 for different values of E
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4.3 Nusselt Number 

The local heat transfer coefficient h along 

each inner rod wall and the outer wall are 

expressed as: 

 
n




T
kh         (7) 

where k is the thermal conductivity. The 

local Nusselt numbers for both outer 

surfaces and each inner heated surface are 

determined by: 

k

Lh
Nu

k

Lh
Nu ii

i
oo

o  , (8) 

where Li=πD and HLo 32  are the 

perimeters of the cross sections of the inner 

rod and the outer triangle respectively [7].    

 Variation of the local Nusselt number 

around the upper cylinder is plotted in 

Fig.7a where the subscripts of the local 

Nusselt number and the local coordinated 

are dropped.  When the Rayleigh number is 

low, the curves show two peaks with nearly 

equal altitude at the left and right sides of 

cylinder exactly at S1=0.125 and S1=0.825  

which are closer to the triangle walls. These 

peaks of Nusselt number appear because 

the temperature difference between the 

circular surfaces portions of S1 and the 

triangular enclosure is minimum here. In 

contrary, the local heat transfer rates at the 

upper region of the upper cylinder (around 

S1=0 or S1=1) also at left and right sides 

(S1=0.3, S1=0.7) become lower with 

increasing Rayleigh due to the previous 

mentioned thermal layer separation that 

reduces the local heat transfer between air 

and wall. At the bottom region of the upper 

cylinder (S1=0.5) the local Nusselt number 

is increased with increasing Rayleigh 

number where the effect of convection 

isincreased. On the other hand for low E 

(0.2), curves show also two peaks for 

Ra=10
3
 and Ra=10

5
 but it differ from that

of E=0.6 is that the value of Nusselt number 

at S1=0.5 is zero. This means that the 

conduction is completely dominated here. 

While at Ra=10
6
, one peak appears at

S1=0.5 which indicate to the large effect of 

convection here. Fig 7b depicted the 

variation of local Nusselt number around 

the surface of bottom cylinder which is 

located at the left side of the enclosure. 

More peaks and troughs are observed, 

which mostly appear around the cylinder 

surface. With decreased E (=0.2), the local 

heat transfer rates at 0.2<S2<0.8 become 

much greater as the Rayleigh number is 

increased, which in turn increase the 

convection effect, resulting in bell-shaped 

curves that can be seen from Fig.7b. The 

distribution of the local Nusselt number 

around the right bottom cylinder surface 

(S3) is exactly same as that of the left one 

but with opposite direction from left to right 

hence, this distribution is not displayed.      

The local peripheral Nusselt number of the 

outer triangular enclosure exhibits apparent 
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piece wise feature over three side walls. 

Fig.7c shows the variation of Nuo for 

E=0.6. The curves for each Rayleigh 

number show two equal peaks for each side 

of outer surface. The reason of this 

behavior could be drawn from the 

isotherms (Fig.6 a-c) at E=0.6, where in 

each enclosure side there are two positions 

adjacent to two inner heated cylinders. In 

these positions the temperature difference is 

low, hence Nussuelt becomes large. The 

altitudes at left and right side walls are 

higher than that at bottom wall for Ra=10
6

because of the effect of convection. When 

E=0.2, the curve for lower Ra show equal 

altitude peaks because of the temperature 

difference between each enclosure side and 

the bundle of the three inner cylinder is 

uniform as shown in Fig.6 a, E=0.2. The 

peaks are increased at the upper sides with 

increasing Ra and vise versa at the bottom 

side due to the increase of free convection. 

A symmetry of the flow patterns is clearly 

proven by the symmetric local Nusselt 

number distributions, the sharp peaks are 

clearly due to impingement of the thermal 

plumes from the inner cylinders to  the apex 

regions of the triangular enclosure.  

The average Nusselt number is utilized to 

represent the overall heat transfer rate 

within the domain of interest. The overall 

average Nusselt number around both the 

inner surfaces and outer surface can be 

written as: 
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     (9) 

At steady-state, it is obvious that the 

average Nusselt numbers along both the 

inner and outer cylinders are exactly 

identical. Hence, the average Nusselt 

number can be evaluated as: 

oi NuNuNu  (10) 

This is plotted in Fig.8. The figure shows 

significant enhancement of the overall heat 

transfer by natural convection at constant E. 

However as E is further increased, the 

average Nusselt numbers are significantly 

increased. The most important advantage of 

the present work is illustrated in Fig.9, 

where for same surface area of single rod 

with D/H=1/2 [7] and D/H=1/6 of three 

rods, it is evidence that the average Nusselt 

number is significantly increased (about 65 

% for E= 0.6 and about 20% for E=0.5). 

This increase in Nusselt number is 

attributed to the substantial contribution of 

the conduction heat transfer when the 

heated rods become closer to the enclosure 

walls.  
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Fig. 7 Variation of the local Nusselt number on (a) upper rod, (b) left bottom rod and (c) triangle walls 
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5. Conclusions

In the present paper, a numerical 

investigation of steady laminar natural 

convection in horizontal enclosure between 

equilateral triangle and inner heated rods 

was achieved. The effects of Rayleigh 

number  and  location  of  inner  heated rods 

 

 

 

 

were systematically studied. The 

conclusions can be drawn as follows: 

1- The average Nusselt number could be

significantly increased by using more than 

one inner cylindrical rod even when the 

rods global surface area equals to that of 

single rod. 
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2- As Rayleigh number is increased, the

streamlines and isotherms become less 

symmetric, and the formation of thermal 

plumes impinging to the top corner of the 

enclosure is noticed.  

3- The overall heat transfer is significantly

enhanced with increasing Rayleigh number 

due to more contribution from natural 

convection.  

4- At large distance E, and with increasing

Ra, the flow intensity and eddies are 

concentrated in the region between inner 

heated rods. At low E, the flow intensity 

becomes more concentrated around inner 

surfaces.  

5- A symmetry of the flow patterns is

occurred at larger distance E, and this 

symmetry clearly proven by symmetric 

local Nusselt number distributions. More 

peaks and troughs are observed for local 

Nusselt number distribution along inner 

surfaces.  
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D rod diameter (m) u, 

U 

horizontal velocity, dimensional (m/s) and 

dimensionless  

e,E distance between inner rods center and 

enclosure center, dimensional (m) and 

dimensionless  

v, 

V 

vertical velocity, dimensional (m/s) and 

dimensionless  

h heat transfer coefficient (W/m2 K) Greek symbols 

H enclosure height (m) α thermal diffusivity (m2/s) 

k thermal conductivity of fluid (W/m K) β thermal expansion coefficient (1/K) 

L enclosure side length (m) λ Penalty parameter ( N/m4.s) 

Nu local Nusselt number υ kinematic viscosity (m2/s) 

Nu Average Nusselt number μ Dynamic viscosity (N/m2.s) 

p, P pressure, dimensional  (Pa) and dimensionless ρ fluid density (kg/m3) 

Pr Prandtl number θ dimensionless temperature 

Ra Rayleigh number Subscripts 

S local coordinate, dimensionless. i inner 

T temperature (K) o outer

Nomenclature 




